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Abstract. In this paper we develop the theory of quasispaces (for a 
Grothendieck topology) and of concrete quasitopoi, over a suitable base cate- 
gory. We introduce the notion of f -regular category and of f -regular functor. 
The /-regular categories are regular categories in which every family with a 
common codomain can be factorized into a strict epimorphic family followed 
by a (single) monomorphism. The /-regular functors are (essentially) func- 
tors that preserve finite strict monomorphic and arbitrary strict epimorphic 
families. These two concepts furnish the context to develop the constructions 
of the theory of concrete quasitopoi over a suitable base category, which is a 
theory of pointed guasitopoi. Our results on quasispaces and quasitopoi , or 
closely related ones, were already established by Penon in [9], but we prove 
them here with different assumptions, and under a completely different light. 



INTRODUCTION 

In this paper we develop the theory of quasispaces (for a Grothendieck topology) 
and of concrete quasitopoi, over a suitable base category. We use the systematic 
theory of families of arrows in a category (including a characterization of strict epi- 
morphic families as final surjective families in a general context) that we set in [6]. 

We introduce the notion of f -regular category and of f -regular functor. The 
/-regular categories are regular categories which have /-factorizations, a non ele- 
mentary cocompletness condition: A category has f -factorizations if every family 
g a : X a —> X factorizes in the form g a = mo h a , where m : H — *• X is a monomor- 
phism and h a : X a — » H is an strict epimorphic family. The /-regular functors are 
(essentially) functors that preserve finite strict monomorphic and arbitrary strict 
epimorphic families. These two concepts furnish the context to develop the con- 
structions of the theory of concrete quasitopoi. 

Our results on quasispaces and quasitopoi , or closely related ones, were already 
established by Penon in [9], but we prove them here with different assumptions, 
and under a completely different light. The notion of bounded quasitopos [9] leaves 
out the paradigmatic examples of quasitopoi, namely, the legitimate categories of 
separated sheaves over a large site. In this case, the categories of sheaves are not 
topoi, and they are not even legitimate categories since the class of morphisms 
between two sheaves is not in general a set. However, separate sheaves form legit- 
imate categories (insofar the hom-sets are small) which are elementary quasitopoi 
(in the sense of Penon) . They bear to elementary quasitopoi a relation which should 
be considered as corresponding (in the context of quasitopoi) to the relation that 
Grothendieck topoi bear to elementary topoi. In this context, the size condition 
(bounded) is unnecessary, and probably misleading. We introduce the abstract no- 
tion of /-quasitopos, which describes this situation, and generalize the concrete 
quasitopoi of [5]. Our notion is intermediate: 

bounded quasitopos /-quasitopos =*■ elementary quasitopos 

The morphisms between /-quasitopoi are the /-regular functors, which correspond 
to inverse images of geometric morphisms. The category of /-quasitopoi over a 
suitable base category is a theory of pointed quasitopoi. 
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1. Families of arrows and topological functors 

In this section we recall briefly some notions and results from [6] that we shall 
explicitly need, and in this way fix notation and terminology. For comments and 
proofs we refer to [6]. 

Given a category T and an object X in T, we shall work with families 
(X a X) aer of arrows of T with codomain X. 

1.1. Notation. Given a family (X a X) ae r, we shall simply write X a X , 
omitting as well a label for the index set (the context will always tell whether we 
are considering a single a or the whole family). 

The diagrammatic notation always denotes a commutative diagram, unless oth- 
erwise explicitly indicated. 

It is important to point out that we allow the families to be large, that is, not 
indexed by a set. 

1.2. Definition. We say that a family Y\ — > X refines (is a refinement of) a family 
X a — > X if there is a function between the indices A i— > a\ together with arrows 
Y\ — > X ax such that 

Yx ^ X ax 




X 



1.3. Definition. Given an arrow Y — > X, we say than a family Y\ — > Y is a 
r-pull-back of a family X a — ► X, if Y\ — > Y — > X refines X a — ► X. That is, if 
there is a function between the indices A^«a together with arrows Y\ — > X ax such 
that 

Y\ s- X ax 

I \ 

Y 

We consider collections A of classes of families of arrows with common codomain, 
one class Ax (eventually empty) for each object X in T. We say that a family in 
Ax is a A- family over X. 

1.4. Definition (operations on collections). 

(1) We denote by Tso the collection whose only arrows are the isomorphisms. 

(2) Given two collections A, B we define the composite C — A o B by means of 
the following implication: 

X a — > X G Ax and Va X a .p — > X a € Bx a =>■ X a jj — > X a — > X e Cx 
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(3) Given A we define a new collection, denoted ttA, by: 
y a ^Fe it A there is X a X E A and Y — > X such that: 

Y a >■ X a 

the squares j | are pullbacks for all a. 

Y *X 

(4) Given A we define a new collection, denoted sA, by: 

X a —> X G sA there is a refinement by a family Y\ — ► X G Ax ■ 

Notice that A C ttA, and A C sA Wc set now some properties of collections 
.4 denned by means of these operations: 

1.5. Definition (properties of collections). 
(I) Isomorphisms: Xso C A. 
(C) Closed under composition: AoA C A 
fSj Saturated: s.4 C A (hence A = sA). 

(U) Universal: Given X a — > X G A and Y — > X, t/iere ermfc on r-pull-back 
Y X ^Y eA: 

Y\ > X aA 

1 I 

Y >X 

If a collection A satisfies (S), and the category has finite limits, then (U) is 
equivalent to: 

(U) Stable under pullback: nA C A (hence A = it A). 

(F) Filtered: Given X a — > X G Ax, Yp — * X G Ax, there exists a common 
refinement Z\ — > X G : 




*k — -X 

1.6. Facts (about collections). The following statements about given collections 
hold: 

(1) If a collection satisfies the properties (U) and (C) then it satisfies (F). 

(2) If A and B both satisfy (I), (resp. (C)), (resp. (S)), then so does Af)B. 

(3) If A and B both satisfy (S) and (U), (resp. (S) and (F)), then so does 

AnB. 

An important collection of families are the strict epimorphic families. We recall 
now this notion from SGA4 [2, I, 10.3, p. 180]: 

1.7. Definition. Given two families of arrows f a : X a — > X , g a : X a — > Y , with 
the same indexes and domains, we say that g a is compatible with f a if for any 
pair of arrows (x a : Z — > X a , xp : Z — > Xp) with the same domain the following 
condition holds: f a °x a —fpo xp implies g a o x a = gp o xp. 

A family f a : X a — > X is strict epimorphic if for any family g a : X a — > Y 
which is compatible with f a , there exists a unique g : X — ► Y such that go f a = g a 
for all a. 
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The situation is described in the following diagram, where the family g a is com- 
patible with the family f a : 



3!o "\ 

X - - > Y 



1.8. Definition. Given a functor u : T — > §: 

(1) An object X in T sits over an object S in § when u{X) = S. We say also 
that X is an object over S. An arrow f : X — > Y in T sits over an arrow 
Lp : S — > T in 8 w/ien n(/) = so £/iaf X (resp. Y) sits over S (resp. 
T). We say also that ip lifts to an arrow in T when there exists f over 
ip. A family f a : X — > Y in T sits over a family tp a : S — > T in § w/ien 

= /or any a. We say also that the family <p a lifts to a family in 
T when there exists f a over tp a . 

(2) We say that two families f a : X a — > X, g a : X a — > Y in T which sit 
over the same family </> Q : 5 a — > 5 in § are u-isomorphic if there exists an 
isomorphism 9 : X — > Y over id : S ^ S such that 6 o f a = g a for all a. 

(3) Let ^fcd collection of classes of families in T. VFe saw £/ia£ A-families 
are unique up to isomorphisms if given any two A-families f a : X a — ► X, 
g a : X Q — ► Y which sit over the same family <f> a : S a — > 5 m §, i/iey 
are u-isomorphic by a unique isomorphism. (Notice that when u is faithful 
strict epimorphic families are unique up to isomorphisms.) 

(4) Consider collections A in T and B in S. VFe say ffcai u creates A-families 
over B-families if given any B-family tfi a : S a — > and an object X a over 
S a for every a, there exists an A-family f a : X a — > X over Q : 5 a — > 5. 

Mien f/ie cZass B in S is the "same" class than the class A in T (iftai 
is, i/ t/iew are denoted by the same letter), we simply say that u creates 
A-families. 

All collections considered in this paper are assumed to be closed under 
u-isomorphisms without need to say so explicitly. 

1.9. Definition. We consider notions for families in T relative to the functor u: 

(1) Given a functor u : T — > §, we say that a family f a : X a — > X in T is 
u-surjective when the family u(f a ) is strict epimorphic in S. 

(2) Given a functor u : T — > S, let f a : X a — > X be a family in T over 
fa '■ S a — > S in S. X7ie family f a is u- final if for any family g a : X a — > Y 
in T and arrow <f> : S — > T tn§ suc/i i/ia£ g Q site over <j) o tp a! there exits a 
unique g : X — > Y over smc/i £fta£ .g o / Q = g Q . f/maZ families are unique 
up to isomorphisms in the sense of definition 1.8) 

(3) By !FS = J- D S we shall denote the collection of all final and surjective 
families. 

We shall often omit the u when we write "u-surjective" or "w-final" . The situ- 
ation for final families is described in the following double diagram, where the top 
diagram sits over the bottom diagram. 



(1.10) X a — ^ X - 3 - > Y 



Let sEx be the class of all strict epimorphic families with codomain X. The 
collection s£ satisfies (I) and (S), but in general it fails to satisfy (C), (U) and (F). 
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Let Sx be the class of all surjective families with codomain X. The collection S 
satisfies conditions (I) and (S), but fails in general to satisfy (C), (U) and (F). 

Let Tx be the class of all final families with codomain X . The collection T 
satisfies conditions (I), (C) and (S), but fail in general to satisfy (U) and (F). 

Finally, the collection TS satisfies conditions (I) and (S) by 1.6 (3). 

We are interested in the equivalence 

Strict epimorphic ^==^> Final surjective . 
Concerning this we have: 

1.11. Fact. If the functor u is faithful, and has left and right adjoints (notice that 
this hypothesis is self-dual), then: 

A family is strict epimorphic if and only if is final and surjective, that is, 
s£ = TS. And the dual statement: A family is strict monomorphic if and only 
if is initial and injective. 

1.12. Definition. A functor T -^-> § is a Z-functor (resp. M-functor) if 
it is faithful and creates and preserves strict epimorphic families (resp. strict 
monomorphic families). If we consider only finite families, we have the notions 
of E fi n - functor and M. f in - functor. 

1.13. Fact (about ^-functors). Given a E-functor (resp. Efi n -functor) T — —* S, 
a family (resp. finite family) in T is strict epimorphic if and only if is final and 
surjective. 

1.14. Fact (about .M-functors). Given a M-functor (resp. Mj in -functor) T — S, 
a family (resp. finite family) in T is strict monomorphic if and only if is initial 
and injective. 

In [6] we have extensively developed a notion of topological functor. We recall 
here a couple of results we shall need in this paper. 

1.15. Facts (about topological functors). The following holds: 

(1) A functor u : T — > S is topological if and only if it creates initial families. 

(2) A functor u : T — > § is topological if and only if considered as a functor 
u : T°p -> S°p is topological. 

(3) A functor u : T — ■> § is topological if and only if: 

i) It is faithful and preserves and creates strict epimorphic families. 

ii) It has a full and faithful left adjoint (— )j_ H u, u(—)± = id. 

□ 

Topological functors are, in particular, £-functors and .A/f-functors. 

2. £-FUNCTORS 

The notions of £ -functor and M /j„-functor, T — —f §, determine a framework of 
the right generality for several constructions found in many particular situations. 
Recall that in this case, by 1.13 and 1.14, in the category T strict epimorphic 
families are the same that final surjective families, and finite strict monomorphic 
families are the same that finite initial injective families. 

An £-functor does not necesarially reflect the property of being a strict epimor- 
phic family (example, the forgetful functor of the category of all topological spaces). 
We establish now some technical results for future use. 

f-functors (resp Ai /j„-functors) create any colimit (resp. finite limit) that may 
exists in S, and preserve any colimit (resp. finite limit) that may exists in T, provided 
the colimit (resp. finite limit) of the underlying diagram already exists in S. 
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2.1. Proposition. Let T — ► S be a £-functor (resp. M.fi n - functor). Consider a 

diagram (resp. finite diagram) V T, a X a in T, and the underlying diagram 
S a = uX a in §. Suppose a colimit cone S a — > L (resp. a limit cone L — > S a ) exists 
in S. Then: 

i) A colimit cone X a — ► Y over S a — ► L (resp. a limit cone Y — > X a over 
L — > S a ) exists in T. 

ii) If a colimit cone X a — > Y (resp. a Krrai cone Y — > X a j exists in T, then 
u(X a ->Y) = S a ^ L, (resp. u(Y X a ) = L -> S a ). 

Proof. The reader should be able to carelully check the validity ol the two state- 
ments. The laithlulncss ol u as well as lacts 1.13 (resp. 1.14) are needed. □ 

The prool ol the following proposition is immediate. 

2.2. Proposition. Given functors T — —> S — ^ R, if u and v preserve s£ -families 
(resp. sM. fi n - families), and the composite v o u creates s£ -families (resp. 
sM fi n - families), then u is a £-functor (resp. Mfi n - functor). □ 

2.3. Proposition. Consider u : T — > S, X an object in T and the induced functor 
: T/x ~ > ^/s> w ^ ere & = u(X). Then, if u is an £ -functor so it is u^. 

Proof. It is clear that is laithlul and that it preserves s£-lamilies. Now we prove 
that creates s£-families. Let f a : X a X be & lamily in T/x 

over c a : S a > S 
in and an s£- lamily <p a in S/g as in the left diagram below: 

S a -^R X a - 9 - >Y 



/•„ X A 3 

S X 

The canonical lunctor §/g — > § preserves s£- families, so that <p a is an s£ -lamily 
in S. Since u creates s£-families, we have an s£ -lamily g a : X a — > Y in T over 
<A* : S a — > i?. Moreover, since the lamily g a is final surjective in T, there exists a 
unique g : Y — > A" such that g o g a = fa for all a. It is immediate to check that 
the lamily g a in T/j^ over </? a in S/g is an s£-family in T/j^-. □ 

2.4. Definition. 4 category T /ias f -factorizations if every family g a ■ X a — > X 
factorizes in the form g a = mo h a , where m : H ^ X is a monomorphism and 
h a ■ X a H is an strict epimorphic family. 

2.5. Remark. // a family g a : X a — > A factorizes in the form g a — m o h a , where 
m : H —> X is a monomorphism, then a family f a ■ X a — > Y is compatible with g a 
if and only if it is compatible with h a . Moreover, if g a = moh a is a f -factorization 
then g a is a strict epimorphic family if and only if m is an isomorphism. □ 

2.6. Proposition. If a category T has f -factorizations, then strict epimorphic fam- 
ilies compose, that is, the collection s£ has property (C). 

Proof. We consider a lamily X a X and, for any a, a lamily X a ,p ^> X a , so 
that we have the composite lamily l a ^ = g a o g Q ^ : X Qii g — > X. Let us suppose 
that g a and <7 ai/ g are strict epimorphic lamilics. To prove that so is l a ,/3 we take the 
/-lactorization l a ^ — moha.fi, with H X mono and h a ^ an strict epimorphic 
lamily. Fixing a, it is clear that the lamily h a ,/3 is compatible with g a ,p, hence 

there exists an arrow X a H unique such that h a o g ai| g = /i ai/ 3. Moreover 
(compose with the epimorphic lamily g a ,p) we have m o h a = g a for any a. Now 
we prove that the lamily h a is strict epimorphic lamily. In lact: if a family f a is 
compatible with h a then the lamily f a $ = f a o g a p is compatible with l a ,/3, so that 
there exists a unique arrow fn such that fH°ha,p — fa.ji, hence (compose with the 
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cpimorphic family g a ,/3) Ih h a = g a . fn is unique with this condition because h a 
is an epimorphic family (notice that so is h a ,p). Finally, remark 2.5 implies that m 
is an isomorphism, hence l a ,p is an strict epimorphic family. □ 

2.7. Proposition. If u is an £ -functor and § has f -factorizations (definition 2.4), 
then T has f -factorizations. 

Proof. Given any family g a : X a — > X in T, we can take the /-factorization 
u(g a ) — m o h a : u(X a ) — > H — > u{X) in S, and a strict epimorphic family 
f a : X a — > y in T over h a . But /i Q is final surjective, so that there exists / over m 
such that g a = f o f a , with / mono because u is faithful. □ 

It is well known and easy to prove that if a functor has a right adjoint then it 
preserves strict epimorphic families. Next we establish that under certain hypothe- 
ses this condition is also sufficient for the existence of a right adjoint. Moreover, 
we give an explicit construction of this adjoint. It is convenient to consider before 
some particular cases. 

2.8. Proposition. If u is an £ -functor and § has f -factorizations (definition 2.4), 
then u has a right adjoint. □ 

We indicate the idea of the proof. The construction of the right adjoint is as 
follows: Given an object S in S, consider in § all arrows of the form u(X) S. 

Factor this family u{X) — — > H S, with a monomorphism m and the family ip 
strict cpimorphic. Let R(S) and X -^-> R(S) be a strict cpimorphic family over 
the family ip. Then, R(S) is the right adjoint to u on S. 

2.9. Theorem. Consider a diagram of categories and functors where u and u' are 
£ -functors, v! o F = u. 

T F > V 



Assume that S has f -factorizations (definition 2.4). Then F has a right adjoint if 
and only if F preserves s£-families. □ 

We indicate the idea of the proof. The construction of the right adjoint 
is as follows: Given an object Y in T' consider in § all arrows of the form 
u(X) -^U u'(Y) such that ip = u'(g) for some F(X) Y. Factor this family 

u{X) — > H u'(Y), for a monomorphism m and an strict epimorphic family ip. 

Let G(y) and X GiY) be an strict epimorphic family over the family ip. Then, 
G(Y) is the right adjoint to F on Y. 

Now we set and prove in detail the general theorem: 

2.10. Theorem. Consider a diagram of categories and functors where u and v! are 
£-functors, v! o F — L o u, and R\- L. 

T — V 



Assume that S has f -factorizations (definition 2.4). Then F has a right adjoint if 
and only if F preserves s£-families. 
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Proof. Suppose that F preserves strict epimorphic families. For every object Y in 
T' we construct an object G(Y) in T and an arrow ey ■ F(G(Y)) — > Y universal 
from F to Y. First, consider arrows tp : u(X) — » i?(u'(y)) in S. To every tp 
it corresponds under the adjunction R h L an arrow £ : L(u(X)) — > u'(y). Now, 
we take in S the family of all arrows p as above such that tp = u'(g) for some 
g : F(X) — > y in T'. Notice that we need the equation u 1 o F ~ L o u. Since S 
has /-factorizations, there exists a monomorphism m : H > i?(ti'(y)) such that 

p = m o tp : u(X) — ^ H —> R(u'(Y)) for all <^ in our family, and the family 
tp is strict epimorphic. But u creates s£-families, hence there exists an object 
G(Y) in T and for any tp in the family an arrow tp : X —> G(Y) such that tp is 
an strict epimorphic family over the family tp (in particular u(G(Y)) = H). By 
hypothesis, F(tp) : F(X) — > F(G(Y)) is a s£-family in T', and it sits over the family 
L(tp). Moreover it is final and surjective because u' is an £-functor. Recall that 
the family g : F(X) — > Y considered above sits over the family tp which factorizes 
trough L(tp), so that there exists a unique ey : F(G(Y)) — > y such that it sits over 
m and ey o F(tp) = g. It remains to prove that this arrow is universal. The above 
construction shows that given g we have tp such that e Y ° F(p) = g. Consider any 
other arrow / such that ey o F(f) — g. Then m o L(u(f)) = u'(g), and applying 
the adjunction it follows m o u(f) = tp = m o u(p). Thus, / = tp because m is a 
monomorphism and u is faithful. □ 

A functor F as above which has a right adjoint in particular preserves strict 
epimorphic families, thus it will preserve final surjective families (which are the 
same). However, it will not preserve arbitrary final families in general. 

A first application of theorem 2.10 is the following: 

2.11. Corollary. Let S, T be categories with finite products and u : T — > § an 
£-functor which preserves finite products. Assume that § is cartesian closed and 
that it has f -factorizations. Then, T is cartesian closed if and only if the cartesian 
product in T preserves s£ '-families. 

Proof. Apply Theorem 2.10 with the following diagram of functors: 

(-)xx 
T 




(-) s 

'§ (where u(X) = S). 

(-)xS 



□ 



It is interesting to give some further details of the construction of the exponential 
in T that follow from the proof of theorem 2.10. Given any two objects X and 
Y in T, the underline object in § of the exponential Y x is a subobject of the 
exponential between the underline objects, u(Y x ) u(Y) u ( x \ The family of all 

arrows Z Y x such that the arrow u(Z) xu(X) —> u(Y) (which corresponds by 

adjointness to the arrow u(Z) ^ u(Y x ) ^ u(Y) u{ - x ^) lifts into Z x X -> Y, is a 
final surjective family. 

We now generalize this corollary to localized exponentials. Recall that if § has 
finite products, then the usual functor E/S — > § has a right adjoint, and that § has 
finite limits if and only if each §>/S does. Recall also that by definition a category 
S is locally cartesian closed if S/S is cartesian closed for any object S in S. Given 
an arrow R — > S in a locally cartesian closed category 8, the pulling-back functor 
S/S — > S/R has a right adjoint. 
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2.12. Theorem. Let S, T be categories with finite limits and u : T — > S an £-functor 
which preserves finite limits. Assume that S is locally cartesian closed and has 
f -factorizations. Then, T is locally cartesian closed if and only if s£-families are 
universal in T. 

Proof. Notice that if § has /-factorizations then so does each localized category 
S/S. Then apply corollary 2.11 and proposition 2.3. □ 

Our last result in this section concerns subobject classifiers. 

2.13. Proposition. Let S, T be categories with finite limits and u : T — > S a 
M fin-functor with a right adjoint R. Assume that § has f -factorizations and a 
strict subobject classifier il. Then, R£l is an strict subobject classifier in T. 

Proof. Let 1 — > Q be the generic strict subobject. Clearly 1 = Rl, and there 
is a map 1 i?f2 in T corresponding by adjointness to the map 1 — 17 in 
§ (notice that since u preserves finite limits (proposition 2.1), ul = 1). Given a 
strict subobject M X in T, the strict subobject uM uX in § determines 
the pullback square on the left below, which in turn determines by adjointness the 
commutative square on the right. 



uM >- uX M X 



\ \* \ \ 

i — n i — 2v pn 

It remains to see that this square is a pullback. This follows by the fact that the 
strict subobject M X is initial injective (1.14). □ 



3. /-REGULAR CATEGORIES AND /-QUASITOPOI 



Recall that a regular category is a category with finite limits and such that any 
arrow can be factorized into a monomorphism composed with an strict epimor- 
phism, and in addition strict epimorphisms are universal. In a regular category 
strict epimorphisms are the same that regular epimorphisms, and strict epimor- 
phisms compose [3], [7]. We introduce now a notion which corresponds to the 
notion of regular category, but utilizing strict epimorphic families instead of single 
strict epimorphisms. This notion is not elementary and it means a (co) complete- 
ness requirement. We call this notion f -regular, f for family. 

3.1. Definition. A category is /-regular when it satisfies: 
Rl ) It has all finite limits. 

R2) Strict epimorphic families are universal (U in definition 1.5). 
R3) It has f -factorizations (definition 2.4). 

Notice that (see definition 1.5) the second condition in the definition of /-regular 
category means that the class s£ of strict epimorphic families is stable under pulling- 
back. In the following remark we set an essential property of /-regular categories. 
It follows from 1.6 and 2.6: 

3.2. Remark. In a f -regular category the collection s£ of strict epimorphic families 
satisfies all five properties in definition 1.5. □ 

From proposition 2.7 we have: 

3.3. Proposition. Given a £-functor <Q> — ^ §, with S a f -regular category, then Q 
is also a f -regular category if and only if the families created by u are universal □ 
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Clearly, /-regular categories are regular. Regular categories sufficiently cocom- 
plete (for example if the lattice of subobjects have arbitrary suprema) are /-regular. 
However, we consider /-regularity to be the primitive notion since when working 
with families this is the notion which arises naturally. 

3.4. Proposition. A category is f -regular if and only if it satisfies: 
Rl) It has all finite limits. 

R2) Strict epimorphic families are universal (U in definition 1.5). 
R4 ) It has coequalizers of kernel pairs. 

R5) The lattice of subobjects of any object has arbitrary suprema. 

Proof. Under the presence of Rl) and R2) we have: 

R3) => R4): Given an arrow S -^-» T, we can factorize it as S H <— > T, with 
g a strict epimorphism. Then, it readily follows that S H is a coequalizer of 
the kernel pair of /. 

R3) =4> R5): Given a family of subobjects m a : H a ^ S, we can factorize it as 

H a H 5, with i a an strict epimorphic family (note that each i a is mono). 
Then, it readily follows that H = \J ' H a . 

R4), R5) R3). Given a family X a X, take for any a the coequalizer of 

the kernel pair of g a . We have a factorization X a H a X, with h a a strict 
epimorphism. It is known that from R2) it follows that m a is a mono (this is an 
argument due originally to M. Ticrney and independently M. Kelly [8], see 2.1.2 

and 2.1.3 in [4]). Let H = \/ a H a , abuse notation, and write X a H. Then, it 
can be proved that h a is a strict epimorphic family. 

□ 

Given a pointed (small) site, the category of separated sheaves is a bounded qu- 
asitopos in the sense of Penon [9] . In practice the most conspicuous quasitopoi are 
not bounded. They are categories of separated sheaves for pointed large sites. In 
this case, the categories of sheaves are not topoi, and they are not even legitimate 
categories since the class of morphisms between two sheaves is not in general a 
set. However, separate sheaves form legitimate categories (insofar the hom-sets are 
small) which are elementary quasitopoi in the sense of Penon. They bear to ele- 
mentary quasitopoi a relation which should be considered as corresponding (in the 
context of quasitopoi) to the relation that Grothendieck topoi bear to elementary 
topoi. In this context, the size condition ("bounded") is unnecessary, and proba- 
bly misleading. Furthermore, it is not satisfied by many important examples. We 
introduce now the abstract notion which describes this situation. 

3.5. Definition. A category Q is an f-quasitopos if it satisfies: 
(QT1) It has all finite limits. 

(QT2) It has all small colimits. 
(QT3) It is locally cartesian closed. 

(QT4) It has an strict subobject classifier 1 — tt. 
(QT5) It has f- factorizations. 

Since (QT3) implies that strict epimorphic families are universal, /-quasitopoi 
are, in particular, /-regular categories. 

Recall that a Penon's (or elementary) quasitopos [9] , is a category which satisfies 
(QT1), (QT3), (QT4), and a elementary (and weaker) form of (QT2), namely: it 
has all finite colimits. A /-quasitopos is, in particular, an elementary quasitopos. 

For a bounded quasitopos Penon requires QT1 to QT4, and a different (and 
stronger) form of (QT5), namely: for any object S, the lattice of subobjects P(S) 
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should be small. This condition implies that P(S) is a complete lattice by the 
existence of small colimits. From proposition 3.4 it follows: 

3.6. Proposition. In definition 3.5, condition (QT5) is equivalent to: For any 
object S , the lattice P(S) of all subobjects of S is a complete lattice. □ 

Remark that the existence of an initial object by (QT2) furnishes the factoriza- 
tion of the empty family in (QT5), and vice- versa. 

Between the three notions of quasitopoi, we have the (strict) implications: 

bounded quasitopos => /-quasitopos => elementary quasitopos. 

Now we consider a kind of functor u : Q — > § that correspond to inverse images 
of geometric morphisms of topoi. These functors are relevant when the categories 
are /-regular. 

3.7. Definition. A Mfin and E-functor u : Q — > S between f -regular categories is 
called a /-regular functor. 

The /-regular functors should be considered as the morphisms of /-regular cat- 
egories and /-quasitopoi. The variance in these large categories should be opposite 
to the variance in the category of Grothendieck topoi, since /-quasitopoi are cate- 
gories of "generalized spaces" , rather than being "generalized spaces" themselves. 

Some times it is convenient to consider M fin and £ -functors between categories 
which are not necesarially /-regular. 

3.8. Definition. A f -regular functor u : Q — > 8 between arbitrary categories is a 
functor such that: 

RF1) It has a right adjoint. 
RF2) It is faithful. 

RF3) It creates and preserves finite strict monomorphic families. 

RF4 ) It creates and preserves strict epimorphic families. 

RF5 ) It creates and preserves universal strict epimorphic families. 

Clearly when the categories are /-regular, both definitions coincide (recall propo- 
sition 2.8). 

From proposition 3.3 it immediately follows: 

3.9. Proposition. Given a f -regular functor u : Q — > S, if § is a f -regular category, 
then so is Q. □ 

3.10. Theorem. Given a f -regular functor u : Q — > S, if 8 is is a f-quasitopos then 
so is Q. 

Proof. Follows by proposition 2.1, theorem 2.12 and proposition 2.13. □ 
The following are basic properties of /-regular functors: 

3.11. Proposition. Given a f -regular functor Q — S between arbitrary categories, 

1) A finite family in Q is strict monomorphic if and only if it is initial injective. 

2) Any family in <Q> is strict epimorphic if and only if it is final surjective. 

3) Creates any finite limit that may exist in E>, and preserves any finite limit that 
may exist in Q, provided it already exists in S. 

4) Creates any colimit that may exist in §, and preserves any colimit that may 
exist in <Q>. When the colimit is universal in S, the created colimit in Q is also 
universal. 

5) It has a right adjoint u H R, but not necesarially uR = id. It does not have 
in general a left adjoint. 
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6) It preserves and creates f -factorizations. 

7) The usual construction of exponentials in Q out of exponentials in § holds. 

8) If ft is an strict subobject classifier in S, then Rfl is an strict subobject clas- 
sifier in Q. □ 

Topological and /-regular functors are a different kind of £-functors. A topolog- 
ical functor may fail to satisfy condition RF5). A /-regular functor may not create 
initial families which are not finite or injective (that is, over non finite or strict 
monomorphic families), or final families which arc not surjective (that is, over non 
strict epimorphic families). However, often in practice there are functors which are 
topological and /-regular simultaneously (for example, the categories of quasispaces 
in section 4, or of strict quasispaces in the context described in 5.19. The following 
results clarify this situation. 

3.12. Theorem. A topological functor u : T — > § satisfies conditions RF1) to RF4) 
in definition 3.8. Thus, it is f -regular if (and only if) it satisfies FR5). 

Proof. Consider 1.15. By item (3 i) and its dual (which holds by item (2)), a 
topological functor satisfies RF2), RF3) and RF4). By the dual of item (3 ii), it 
satisfies RF1). □ 

3.13. Corollary. If strict epimorphic families in § are universal (in particular, if 
§ is f -regular), then: 

A topological functor u : T — > § is f -regular if (and only if) strict epimorphic 
families in T are universal. □ 

3.14. Theorem. A f -regular functor u : Q — > S is topological if (and only if) it has 
a left adjoint (— )j_ H u, with u(— )j_ = id. 

Proof. Follows immediately by 1.15 (3). □ 
4. Quasispaces over a category § 

In this section we develop the constructions in the theory of quasitopoi which 
correspond to the construction of categories of sheaves in the theory of topoi. These 
constructions, or closely related ones, were considered by Antoine over the category 
of Sets [1], and by Penon over general categories [9]. The paradigmatic example 
behind all this are Spanier's quasitopologies [10]. 

Notation The hom-sets for any category will be denoted with square brackets. 
Thus, given any two objects X, Y in any category X, [X, Y] e Set denotes the set 
of arrows in X from XtoY. 

We recall that a Grothendieck pretopology J on a category C consists of a 
family of covers Jc for each object C G C satisfying properties (I), (C) and (U) 
in definition 1.5 (thus it also satisfies (F), see 1.6 (1)). A Grothendieck topology 
is a pretopology which in addition satisfies property (S). By adding all families 
which arc refined by a cover any pretopology generates a topology with no other 
additional families. 

From now on we suppose that the following data are given: 

(4.1) A category C with a Grothendieck topology J, and a functor u : C — > S. 

For any object S in S, there is a presheaf: [u(-), S] : C op — ► Set, with the 
usual action on morphisms. For any <p : S — > T in S, composing with tp is a natural 

transformation [u(-), S] [u(— ), T]. 

4.2. Definition. A quasispace is a subpresheaf X C [«(—), S] satisfying a covering 
condition. Given C € C, the maps u(C) -^-> S in X(C) are called admissible 
maps. We also say that X is a quasispace structure on the set S. 
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Covering condition: Given u(C) S and a cover C a C in Jc, if the 
composite a o u(f a ) is admissible for all a, then so is a. 

It is convenient to lay down this definition explicitly: 

4.3. Definition (explicit). A quasispace is a -pair (S, X) where S is an object 
of S and X assigns to each object C G C a subset XC C [u(C), S] subject to the 
following conditions: 

Presheaf condition: 

(C ^D)e C, (uD -^S)eXD => {uC uD S) G XC. 
Covering condition: 

(C a ^C)Ej c ,Va(uC a ^huC^S)eXC a (uC ^ S) e XC. 

Notice that if the covering condition is satisfied over a pretopology, it will be 
satisfied also over the generated topology. 

Notice that the covering condition is not the sheaf condition on the 
presheaf X : C op — > S. Using Grothendieck's abuse of notation C X for 

(uC —* S) E XC, the later takes the form: 

{C a C) G Jc, (C Q X) compatible 3 \{C X) | a o / a = cr Q . 
We see then that the sheaf condition will be satisfied by a quasispace precisely 
when the family uC a uC is a strict epimorphic family of S, that is, C a — ^ C 
is a surjective family of C. We have: 

4.4. Remark. If the covers are surjective families, then the sheaf condition is equiv- 
alent to the covering condition. Thus, in this case, a subpresheaf of [u(-),S] is a 
sheaf if and only if it is a quasispace. □ 

Morphisms of quasispaces are arrows ip in § such that the natural transformation 
ip* sends admissible maps to admissible maps. Explicitly: 

4.5. Definition. A morphism of quasispaces (S, X) -^-> (T, Y) is an arrow 
S -^-> T in § such that: 

(uC -^S)eXC => (uC -^S -^T)e YC. 

We shall denote Q the category of quasispaces. By definition there is a faithful 
forgetful functor that we denote Q — U §, q(S, X) = S, q(f) = f. 

On any object S G S there is a maximal and a minimal quasispace structure: 

4.6. Example. S T = (S, S T ), where S T C = [uC, S]. 

r, ,nn\ i n ^ f \ U C , S] if the empty family is in J c ,-, 
S ± = (S, S ± ), where S ± C = | ^ □ 

4.7. Example. If 1 is a terminal object of S, then It is a terminal object of Q. Ob- 
serve that lj_ It- In general, a quasispace structure X on 1 G S, lj_ C X C It, is 
determined by a sieve A C C (C £ A O XC = 1) "closed under covers" (condition 
which is vacuous when the topology is trivial). We see that in general there is a 
proper class of different quasispace structures on 1. □ 

We warn the reader that It ^ It even in the case where § = Set is the category 
of sets and 1 is the singleton set. In this case, It represents the forgetful functor, 
but it is not the terminal object It of Q. Classically a further condition is imposed 
on a quasispace to have the forgetful functor represented by the terminal object 
(sec definition 5.2). 
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4.8. Example. If is an initial object of §, then 0j_ is an initial object of Q. When 
is empty (that is, [S, 0] ^ S = 0), we shall denote = 0. In this case, if in 
addition, the empty family covers C if and only if uC — 0, then, there is only one 
quasispace structure on 0, and 0j_ = 0t is also an empty initial object of Q. □ 

4.9. Yoneda. 

(1) Given any object C G C, uC carries a canonical structure of quasispace, 
that we denote eC, defined by stipulating the equivalence: 

uK^uC e eC(K) 

3 Ki K G 3k and Ki C such that a o uki = ufi 

(in particular, any uK -^-> uC that lifts to C is admissible for eC). 

The assignment C *—> (uC, eC) define a functor (which acts as the equality 
on arrows) C Q. We abuse notation and write eC = (uC, eC). 
Clearly qe = u : C £ > Q 




(2) If covers are final families in C, then 

uK^uC £ eC{K) 
7 

3 K — > C such that a = uf 

(3) Given any quasispace (S, X), there is an equivalence (natural in K) 

uK --> S e XK 
(uK, eK) (S, X) is a morphism of quasispaces 

That is, there is an equality of sets XK = [eK, (S, X)}. 

(4) If covers are final families in C, then s is full. 
If u is faithful, then e is faithful. 

(5) The family eC (S, X), a € XC, is a final family in Q. 

(6) Given any cover Ki — > K E Jk, the family eKi — > eK is a final family in 
Q. If the cover is surjective, it is a final surjective (thus strict epimorphic) 
family in Q. 

proof: To check items (1) and (3) is sharp but straightforward, and it is left 
to the reader. Item (2) is immediate from item (1), and item (5) from item (3). 
Item (4) follows easily from items (2) and (3). Finally, to check item (6) is again 
sharp but straightforward, or, if the reader prefers, it follows immediately from 
proposition 4.12 below. □ 

Initial families in Q are easily characterized. The proof of the following propo- 
sition is immediate: 



4.10. Proposition. A family (5, X) ^> (S a , X a ) in Q is initial if and only if 
given any C and uC S, the following equivalence holds: 

uC^S e XC 
Va uC^S^S a e X a C 

□ 
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4.11. Theorem. The functor Q -±> § is a topological functor. 

Proof. We have to see that q creates initial families (see 1.15 (1)). Given quasis- 
paces (S a , X a ) and a family S S a in S, define a quasispace structure X on 
S stipulating that uC S G XC by the equivalence in proposition 4.10. ft is 
immediate to check that the pair (S, X) so defined is a quasispace and that the ip a 
become morphisms of quasispaces (S, X) — ► (S a , X a ). □ 

It follows from 4.10 and 1.15 (2) that u creates final families. However, we shall 
prove this directly because the proof yields an essential characterization of final 
families reminiscent of the characterization of epimorphic families of sheaves. 

4.12. Proposition. A family (S a , X a ) ^> (S, X) in Q is final if and only if given 
any C and uC S, the following equivalence holds: 

uCi 5*- 

a G XC 3C\ -> C G Jc, Ui G X ai , such that J J^i 

uC^^-S 

Proof. Given quasispaces (S a , X a ) and a family S a S in S, define a quasispace 
structure X on 5 stipulating that uC -^-> S 1 G XC by the equivalence above. To 
prove the statement we have to check that (S, X) is a quasispace, that the ip a 
become morphisms of quasispaces (S a , X a ) — ► (S, X), and that the resulting 
family is final. 

1) (X, S) is a quasispace: 

presheaf condition: Given C D and uD -^-> 5 G X_D, take Cj- — > C G 7c an d 



C,- -^-> D such t/iat | | • We have then j j j 

(we have used here property (U) of 7"). From the presheaf condition on X ai , it 
follows that (Tjj o u/j g X ai C,-. This shows that a o uf G XC. 

covering condition: Let Cj — > C G 7c an d uC — S be such that the composites 
(ud — ► uC S) G XCj. Take (for each i) a cover Cjj — > Cj G 7^ and maps 

uCij ■ >■ 

uC l j^^S a{z . ) £ Xtt (lj) Ci,j such that j j^" 1 *- 3 ' 

uC »- uC g - S 1 

This shows that a G XC (we use now property (C) of 7"). 

2) (5a , X a ) (5 1 , X) is a quasispace morphism: Given a and a map 

uC^^S a 

uC -^S a G X a C, consider the diagram : 1« • ™ s s/lows 

uC— 

ip a o (j G XC (we use now property (I) of 7"). 

3) Finally, to check that the resulting family is a final family is straightforward. 

□ 

An important consequence of this characterization is that final families in Q arc 
universal. We have: 



16 



EDUARDO J. DUBUC AND LUIS ESPANOL 



4.13. Proposition. Final families for the functor Q S are universal (property 
(U) in definition 1.5). 

Proof. Let (S a , X a ) ^* (S, X) be a final family and (T, Y) (S, X) a mor- 
phism of quasispaces. Consider the C-criblc on T defined by: 

uC -^TeP ^ 

uC »- S a 

ip G YT, and 3a and uC S a , 9 G X a C, such that Jv 

This defines an r-pullback in Q by furnishing uC with the yoneda eC quasispace 
structure (4.9). We shall show that the family (uC, eC) (T, F), <p G P, is a 
final family in Q. 

Given U-ff -^-> T G the composite 0or/ e XK. Using proposition 4.12 take 
-^-> if G J7k and — ^ S ai G X ai Ki such that in the following diagram 
the exterior commutes 

Tji 

uK; >■ uKj s- S ai 



' ri ' (p ' 

uA" >■ T >■ S 



K / 

4>orj 

Fill in the middle vertical arrow, with ipi = n o usj. The square on the right shows 
that uKi — % T G P. Then, the square on the left finishes the proof by another 
application of proposition 4.12 . □ 

Actually we are interested in final surjective families. Concerning surjective 
families we have: 

4.14. Proposition. If strict epimorphic families inS are universal, then surjective 
families for the functor Q — ► § are universal (property (U) in definition 1.5). 

Proof. Just observe that the initial structure determined by the two arrows out of 
the upper left corner of an r-pullback (definition 1.3) taken in S yields a r-pull-back 
in Q. □ 

Since surjective and final families have property (S), it follows from 1.6 (3) that 
when strict epimorphic families in § are universal, final surjective families in Q arc 
universal. Thus, from theorem 4.11 and corollary 3.13 we have: 

4.15. Theorem. If strict epimorphic families in § are universal (in particular, if 
§ is f -regular), then so they are in Q, and the functor Q — § is f -regular. 

Then, from proposition 3.9 and theorem 3.10 we have: 

4.16. Theorem (compare [9], 5.8). A category Q § of quasispaces over a f- 
regular category § is f -regular, and if § is a quasitopos, then so it is Q. 

Let P be the category of quasispaces for the trivial (generated by the isomor- 
phisms in C) Grothendieck topology. Clearly, the inclusion determines full and 

faithful functor Q <—+ P, where Q is the category of quasispaces determined by any 

other topology on C. We shall construct a left adjoint P — ► Q to the functor c, 
and study its basic properties. We consider the more general situation determined 
by an inclusion of Grothendieck topologies. 
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4.17. Associate Quasispace Functor. Consider a category C, two Grothendieck 
topologies T C J , and a functor C -—> S. Let P -^-> S, Q — § &e the respective 
categories of quasispaces, and C — — > P, C -A Q £/ie respective yoneda functors 
(4-9). Let Q <^> P fee t/ie inclusion functor (notice that p o c ~ q, but in general 
co e ^= h). 

We have: 

4.18. Proposition. The inclusion functor Q ^> P has a left adjoint, H c, 

P Q, id ^ c o #, # o c = id. Given (S, X) G P, #(5, X) = (5, #X) is 
defined by stipulating the equivalence: 

uK^S G #X(K) 
3K a — >K e J K | uK a — >uK ^S G IX 
Moreover, qof^=p and fj=oh = e. 

Proof. The proof is sharp but straightforward and it is left to the reader. We 
mention that the properties (I), (C) and (U) (see definition 1.5) of the covers are 
essential. □ 

4.19. Proposition. The functor P — ► Q preserves finite strict monomorphic 
families. 

Proof. Since p and q are, in particular, A4 ji„-functors, it is equivalent to work 
with initial injective families. We shall see that, in fact, # preserves any (not 
necessarily injective) finite initial family. Clearly # preserves the empty initial 
family St since this family is a quasispace for any topology (example 4.6). Let now 
(5, X) — ► (S{, Xi) be a finite initial family. The following chain of equivalences 
proves the proposition: 

Vi uK -^S — ► S { G #X t (K) 

Vt 3 K i<a — ► K G I uifi,„ — ► S — > 5i G Xi(^, a ) 

a 

3 Jf A — » A" G I V^ uJCa — ► 5 — > S* 4 G X,(if A ) 

BKx^K e J K I u^^rf^S G X(K A ) 

«x As g #x(#) 

All unlabeled equivalences hold by definition, and the equivalence a holds by 
property (F) (filtered, definition 1.5) of the covers. □ 

4.20. Theorem. If strict epimorphic families in § are universal (in particular, if 
§ is f -regular), then the functor P Q is f -regular. 

Proof. Recall that go# — p. We refer to definition 3.8. Conditions RF1) and RF2) 
are clear. By RF1) we know that # preserves sf-families, and in the previous 
proposition we established that it preserves sTW/m-families. By the assumption 
made, p and q are /-regular functors (theorem 4.15), so conditions RF3) and RF4) 
follow from proposition 2.2 (and RF5) is equivalent to RF4)). □ 
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5. Strict quasispaces over a /-regular category S 

In the classical examples a third condition is required in the definition of quasis- 
pace. In this general setting it means a density condition for the admissible maps. 
Nothing much can be proved if we do not put some restrictions on the category 
§. Although not always necessary the sensible generality is to assume that § is 
/-regular. 

5.1. Assumption. The category § is a f -regular category (in particular strict epi- 
morphic families in § have all five properties in definition 1.5). 

5.2. Definition. A strict quasispacc is a quasispace which in addition satisfies the 
following condition: 

Density condition: 

The family UC -^-> S, a G XC, all C G C, is strict epimorphic in S. 

The category sQ is defined as the full subcategory of the category Q of quasis- 
paces whose objects are the strict quasispaces. We denote by q s the restriction of 
the functor q. There is a commutative diagram of faithful functors: 



5.3. Yoneda (continued). 

(7) For any object C G C, the quasispace eC is strict. Thus there is a factor- 
ization (that we also denote e) 



(8) Given any strict quasispace (S, X), the family eC (S, X), a G XC, is 
a final surjective (thus strict epimorphic) family in Q (thus also in sQ) 

proof: Item (7) is clear since id u c £ eC). Item (8) holds by definition of strict 
quasispace and item (5) in 4.9. □ 

Any /-regular functor C — § into a /-regular category § is the forgetful functor 
of a category of strict quasispaces. We have: 

5.4. Theorem (compare [9], 5.13). Given a f -regular functor C -^-> S, with § 
f -regular. Consider the Grothendieck topology in C whose covers are the strict 

epimorphic families. Then, in the commutative triangle C — — ->■ sQ , the functor 



e is an equivalence. 

Proof. From proposition 3.9 we know that C is /-regular, so that the strict epimor- 
phic families are a Grothendieck topology. By yoneda 4.9 (4) e is full and faithful. 
Let now (S, X) be any strict quasispace, and consider a strict epimorphic family 

K C in C over the strict epimorphic family uK S, all K G C and a G XK. 
Since f a is a cover, by yoneda 4.9 (6) the family eK ^> eC is strict epimorphic, 
and by yoneda 5.3 (8) the family eK (S, X) is also strict epimorphic and sits 
over uK S. It follows that eC is isomorphic to (S, X) over ids- O 
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We see in particular that in this case the functor q s is /-regular. We study now 
the /-regularity condition for the functor q s in general. 

Since strict epimorphic families compose in S, it easily follows: 

5.5. Proposition. Given a surjective family of quasispaces (S a , X a ) (S, X), 
if each (S a , X a ) is strict, then so it is (S, X). □ 

5.6. Proposition. Given a strict epimorphic family of quasispaces 
(S a , X a ) (S, X) G Q, if each (S a , X a ) is strict, then so it is (S, X). 

Proof. Since Q — S is topological (thus an £-functor), the given family is final 
surjective (1.13). Then, by the previous proposition (S, X) is strict. □ 

Thus we have the following: 

5.7. Corollary. sQ is closed under strict epimorphic families inQ, and the functors 
q s and i are £ -functors □ 

5.8. Proposition. The functor sQ § has a right adjoint q s -\r, § —> sQ, and 

if for any S G § the family uC ► S, all C G C, is strict epimorphic, then the 

right adjoint is full and faithful, r = (—)t> 9s(~)t = id- □ 

Proof. Follows by proposition 2.8. Given S G S, take the family uC S, all 

C G C, factor this family uC — > H S, with a monomorphism m and the 
family ip strict epimorphic. Let rS = (H, rS) be a strict epimorphic family over 
the family ip. Then, rS is the right adjoint to q s on S. The second claim is clear 
since in this case H — S. □ 

Notice that the condition in the proposition says that the quasispace St is strict. 
When this in not the case, there can not be any strict quasispace structure on S, 
that is, the fiber sQs is empty. 

5.9. Proposition. The inclusion sQ Q has a right adjoint Q — sQ, i H s 
(notice that r = s(—)t and q s s ^ q). 

Proof. Follows by proposition 2.8. Given a quasispace (S, X), we abuse notation 
and denote s(S, X) = (sS, X), where sS C S is given by the factorization of the 
family of all admissible maps uC S, C € C into a strict epimorphic family 
followed by a monomorphism uC sS C S. □ 

We see from proposition 5.5 that a surjective family of strict quasispaces 
(S a , X a ) ^> (5, X) is final in sQ if and only if it is characterized by the equiv- 
alence in proposition 4.12. This is not the case for non surjective final families in 
sQ. On spite of having a right adjoint, the inclusion functor i will not preserve final 
families unless they are surjective. It is clear that the quasispace S± (the empty 
final family, see example 4.6) is not a strict quasispace. More generally, at least 
when the covers are surjective, we have: 

5.10. Remark. Any family (S a , X a ) ^> (5, X) between strict quasispaces which 
is final in Q (thus characterized by the equivalence in proposition 4-.12) is necessarily 
surjective (assuming the covers to be surjective). 

Proof. For each U C S, a e XC, C G C, take a cover C a ^ — > C G %j and maps 

nC a _i >- Dqt^ ^ 

uC^i — ► £a (< ,, 4) £ Xa^C^i such that j | v °<-.') 

uC — a —^S 

By property (C) the composite by the lower left corner is strict epimorphic. Then 
the statement follows by property (S). □ 
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5.11. Proposition. // covers are surjective families in C, final surjective families 
for the functor sQ 8 are universal (property (U) in definition 1.5). 

Proof. As remarked above, by proposition 5.5 a final surjective family in sQ is 
characterized by proposition 4.12. Then it follows from 5.3 (7) that the r-pullback 
constructed in the proof of proposition 4.13 is an r-pullback of strict quasispaces. 
The resulting family is a final family in Q, then by remark 5.10 it is also surjective. 

□ 

The fact that final surjective families in sQ are universal holds independently of 
whether the covers are surjective families in C, or not. 

However, some other assumptions have to be made. These assumptions are 
forced upon us by the need that a finite initial injective family of strict quasispaces 
be in fact an strict quasispace. Given strict quasispaces (S a , X a ) and a family 
S S a in §, the initial quasispace structure defined on S in theorem 4.11 will not 
be strict, unless we make further assumptions. The failure or not of this structure 
to be strict is related to the fact of whether the functor q s is /-regular (that implies, 
in particular, that final surjective families in sQ are universal). When any initial 
injective family of strict quasispaces is a strict quasispace, the functor q s will be 
topological. 

5.12. Assumption. Given a finite initial injective family of quasispaces 
(5, X) -A (S a , X a ), if each (S a , X a ) is strict, then so it is (S, X). 

5.13. Proposition (Under assumption 5.12). Given a finite strict monomorphic 

family of quasispaces (5, X) ^> (S a , X a ) £ Q, if each (S a , X a ) is strict, then so 
it is (S, X). 

Proof. Since Q § is topological (thus a A4/i„-functor), the given family is 
initial injective (1-14). Then, by the assumption (S, X) is strict. □ 

Thus we have the following: 

5.14. Corollary. sQ is closed under finite strict monomorphic families in Q, and 
the functors q s and i are M fi n -functors □ 

In particular, sQ is closed under pullbacks taken in Q (proposition 2.1). 

5.15. Theorem (Under assumption 5.12). The functors sQ § and sQ — Q 
are f -regular. 

Proof. We already know that they have a right adjoint (propositions 5.8 and 5.9) 
and that they are £ and A'f/m-functors (propositions 5.7 and 5.14). To prove 
that they are /-regular it remains to see that strict epimorphic families in sQ are 
universal. But Q is a /-regular category (theorem 4.16), and the inclusion sQ — Q 
is closed under pullbacks and strict epimorphic families. The claim follows. □ 

Then, from proposition 3.9 and theorem 3.10 we have: 

5.16. Theorem (Under assumption 5.12), (compare [9], 5.10). A category sQ — § 
of strict quasispaces over a f -regular category S is f -regular, and ifS is a quasitopos, 
then so it is sQ. □ 

From theorems 4.20 and 5.15 it follows 



QUASITOPOI OVER A BASE CATEGORY 



21 



5.17. Associate Quasispace Functor (continued). Consider the situation de- 
scribed in 4-17. It is clear that if (S, ,X) G P is an strict quasispace, then so it is 

#(S, ,X) = (S, ,#X) G Q, and we have a functor sP — ► sQ left adjoint to the 
inclusion sQ — sP. There is the following square of pairs of adjoint functors: 

# 

sQ ' c " sP 



# H c , Hs, 


i 


s 


i 


s 




• 


• 


* ' 


• 



Q c p 



The inclusion functors commute, and the adjunctions in the full subcategories are 
the restrictions of the adjunctions in the larger categories 

io c~ coi , jo# = #oi, s o c = Co s . 

(Under assumption 5.12). The functors i, are f -regular functors (the f- 
regularity for the functor # between strict quasispaces follows because the inclusion 
functors i are f -regular). □ 

The following conditions were considered by Penon ([9], 5.10) to prove that the 
category sQ is a quasitopos. We use them to insure the validity of assumption 5.12. 

5.18. Proposition. Let C — ^ § (§ / -regular ) be such that: 

i) The quasispace lj is strict. 

ii) Given any C G C and a strict subobject S <—> uC — qsC, the initial quasispace 
structure induced on S is strict. 

Hi) Given any two objects C, D E C, the product eC x eD taken in Q is an strict 
quasispace. 

Then, finite initial injective families of strict quasispaces are strict, that is, the 
assumption 5.12 holds. 

Proof. The empty initial injective family is given by ly. We claim that given a 
strict quasispace (S, X) and a strict monomorphism T S, the initial quasispace 
(T, Y) (5, X) is strict: We argue over the following diagram: 

eK — £ (P T , Z T f ^ eC 




(T, Yf (S, X) 

The family {r, all C G C, r G XC} is strict epimorphic (yoneda 5.3 (8)). Pulling 
back this family in Q we have the family 7i>, which is strict epimorphic since Q is 
/-regular (theorem 4.16). Since Z T is the initial structure induced by P T uC 
(the reader can check this), for each r, by ii), the family {/i, allK G C, /i G Z T K} 
is strict epimorphic. The composite family a^. T — ir T o ^ is strict epimorphic. But 
"Vi.t G YK , the claim follows. 

We let the reader verify that from iii) it easily follows that the product of two 
(hence any finite product) of strict quasispaces is strict. To finish the proof recall 
that a initial injective family induces a initial injective map into a product. □ 

In general the functor sQ § will not be topological. It is clear that the qua- 
sispace S± is not strict, but still it may exist a smallest strict quasispace structure 
on S. This is the case in many classical examples (see [5]), and it is equivalent to 
the fact that the functor sQ § is topological. We consider a general situation 
that include all these examples: 
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5.19. Assumption. There is a class of objects I C C such that: 

I — > C inC 



a) For each I in I and C in C, u establish a bisection 

ul — > uC in § 

b) For any S in § 7 the family of all ul — > S, I G I, is strict epimorphic. 

c) Given any strict epimorphic family S a — > S in §, any I el and ul -^-> S, 

uli >■ S at 

there exists Ii — > I GTi, uli — ► S ai , such that j j^i 

uI^+S 

In [5] it is developed the case in which § is the category of Sets, I = {1}, and 
ul = 1 = the singleton set. 

5.20. Proposition (Under assumption 5.19). Given a quasispace (S, X), the fol- 
lowing conditions are equivalent: 

i) (S, X) is a strict quasispace. 

ii) ul S G XI for all I El and a G [ul, S}. 

Proof. Clearly condition b) implies ii) => i). The other implication follows by a 
straightforward application of conditions c) and a) on the family of all admissible 
maps. □ 

Given any Ss§, we can consider the quasispace structure generated by all maps 
ul -> S, I G I. This yields: 

5.21. Corollary (Under assumption 5.19). Given any S in S, there exists a smallest 
strict quasispace structure on S, that we denote S± £ , and which is defined as follows: 

S_i_ e = (S, S± e ), where uC -^-> S G S± f C if and only if there exists 

uCi uli 

Ci — > C E%j, Ci — ► Ii and uli — ► S, such that | | 

uC^-^S 

□ 

It follows then from 1.15 (3) and corollary 5.7 that the functor sQ S is 
topological. This can be seen directly as follows: 

Using proposition 5.20 it is also immediate to check that given strict quasispaces 
(S a , X a ) and any family S ^> S a in §, the initial quasispace structure defined on 
S in theorem 4.11 by stipulating the equivalence in proposition 4.10 is strict. It 
follows: 

5.22. Corollary (Under assumption 5.19). Given an initial family of quasispaces 
(S, X) ^> (S a , X a ), if each (S a , X a ) is strict, then so it is (S, X). □ 

5.23. Corollary (Under assumption 5.19). The functor sQ § is topological and 
sQ is closed under initial families in Q. □ 

Warning: It docs not follow that the functor i is topological (which is not). 
From 5.22 we have, in particular: 

5.24. Proposition (Under assumption 5.19). Assumption 5.12 holds. □ 
Thus: 
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5.25. Corollary (Under assumption 5.19). The functors sQ S and sQ — Q 
are f -regular, a category sQ — § of strict quasispaces over a f -regular category S 
is f -regular, and if § is a quasitopos, then so it is sQ. Furthermore, the associate 
quasispace functor situation described in 5.17 holds. 

The construction of the strict quasispacc S±, in corollary 5.21 can be generalized 
and provides a left adjoint for the inclusion sQ — ^ Q. 

5.26. Proposition (Under assumption 5.19). The inclusion sQ — Q has a left 
adjoint Q — — > sQ, Hi, smc/i fftai g s ^ = q (notice that = £(—)_!_)■ 

Proof. We give an indication of the proof. The functor £ is easily understood: given 
a quasispace (S, X), we abuse notation and denote £(S, X) = (S, IX), X C IX, 
where IX is the quasispace generated by X and all the arrows in [ul, S], all I el. 
Thus, £{S, X) = (S, X V S± t ). " □ 
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